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Introduction

Complex stochastic dynamics typically emerges from a nonlinear
system under permanent non-equilibrium conditions, such as
permanent fluxes of energy or particles through the system.
External time-dependent forcing presents just an example
and shall be considered here as the source of non-equilibrium.

Randomness results from the dynamics of those degrees of
freedom of the considered system and its environment that are not
explicitly controlled.

Time-scale separation:
Fast “microscopic”︸ ︷︷ ︸

noise and friction

versus slow “macroscopic” variables

τmic � τ, τdrive =⇒ Markovian Dynamics,

here: Langevin, Fokker-Planck



Multi- and metastability

In the absence of noise the non-linearity of the equations of motion
frequently asymptotically leads to distinct, locally stable
states. Noise destabilizes these states; at sufficiently weak
noise the system though stays most of the time close to one of
these formerly stable states and transitions to other such states
occur only rarely.

Hence noise renders the locally stable states of a deterministic
system metastable.

Time-scale separation:
deterministic time scale τ � typical
residence time



Equilibrium
For equilibrium systems the transition dynamics between
metastable states is well understood and described by master
equations:1

ṗα(t) =
∑
β 6=α

kα,βpβ(t)−
∑
β 6=α

kβ,αpα(t)

Detailed balance: ρ(x) ∝ e−E(x)/kBT

kα,β ∝ e−∆Eα,β/kBT

∆Eα,β: Activation energy
pre-exponential factor determined by
the curvatures of the energy at the
initial state and corresponding sad-
dle and the linearized dynamics at the
saddle.

1P. Hänggi, P. Talkner, M. Borkovec, Rev. Mod. Phys. 62,
251 (1990); E. Pollak, P. Talkner, Chaos 15, 026116 (2005)



Driving

Periodic driving presents a standard method to test a system. In
the presence of metastable states it may lead to stochastic
resonance for which the otherwise random transitions between two
metastable states synchronize with the external driving signal.

deterministic motion: ẋ(t) = f(x(t), t), f(x, t+T ) = f(x, t)
X(t|y, s)→ x ∈ Aα(t) for s → −∞, α = 1 . . . n
Aα(t + T ) = Aα(t): attractors
Dα(s) = {y|X(t|y, s ∈ Aα(t) for t →∞}
Dα(s + T ) = Dα(s): domain of attraction of Aα(t)

Dα(s)
⋂Dα′(s) = ∅ for α 6= α′,⋃m

α=1Dα(s)= Σ.

ramped force: Mechanical probing of chemical bonds by
application of a steadily increasing force.
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Langevin and Fokker-Planck equations
Langevin equation : ẋi (t) = fi (x(t), t) + gi ,j(x(t), t)ξj(t),

ξi (t): Gaussian white noise, 〈ξi (t)〉 = 0, 〈ξi (t)ξj(s)〉 = δi ,jδ(t − s)

Equivalent Fokker-Planck equation:
∂

∂t
ρ(x, t|y, s) = Lx(t)ρ(x, t|y, s), forward equation

− ∂

∂s
ρ(x, t|y, s) = L+

y (s)ρ(x, t|y, s), backward equation

ρ(x, t|y, s), t ≥ s, ρ(x, s|y, s) = δ(t − s) : cond. prob. dens.

L(t) = −
d∑
i

∂

∂xi
Ki (x, t) +

d∑
i ,j

∂2

∂xi∂xj
Di ,j(x, t) ,

L+(s) =
d∑
i

Ki (y, s)
∂

∂yi
+

d∑
i ,j

Di ,j(y, s)
∂2

∂yi∂yj
,

Ki (x, t) = fi (x, t) + n.i.t.,

Di ,j(x, t) =
∑
k

gi ,k(x, t)gj ,k(x, t) .



Periodic driving: Floquet representation of
conditional probability

ρ(x, t|y, s) =
∑

i

eµi (t−s)ψi (x, t)ϕi (y, s) conditional probability

∂

∂t
ψi (x, t) = L(t)ψi (x, t)− µiψi (x, t) forward Floquet eq.,

− ∂

∂t
ϕi (x, t) = L+(t)ϕi (x, t)− µiϕi (x, t) backward Floquet eq.,

ψi (x, t + T ) = ψi (x, t) ϕi (x, t + T ) = ϕi (x, t) periodicityZ
dxϕj(x, t)ψi (x, t) = δi,j orthogonality;

X
i

ψi (x, t)ϕi (y, t) = δ(x−y) completeness

Reµi ≤ 0, {µi} constitutes the Floquet spectrum

µ0 = 0, ϕ0(x, t) = 1, ψ0(x, t) unique asymptotic pdf



Deterministic limit

L+
det =

∑
i

fi (x, t)
∂

∂xi
, characteristics : ẋ = f(x, t)

− ∂

∂t
ϕdet(x, t) = L+(t)ϕdet(x, t) has n independent solutions :

ϕdet,α(x, t) =

{
1 for x ∈ Dα(t)
0 else

Hence, µ0 = 0 is n-fold degenerate in the deterministic limit.
Weak noise lifts this degeneracy and the spectrum contains a
group of n Floquet-exponents µi 0 = 1, . . . n which have a much
smaller absolute value than the rest: |µi | � |µj | for i < n, j ≥ n.

ρ(x, t|y, s) =
n−1∑
i=0

eµi (t−s)ψi (x, t)ϕi (y, s) for t − s � τ

τ : deterministic relaxation time



Alternative representation of the large time
conditional probability2

Three steps to go from y at s to x at t for t − s � τ :

Step 1: Go in time τ1 ≈ τ from y at s nearby to the next attractor
Aβ(s + τ1); probability given by the localizing function χβ(y, s).

Step 2: A transitions from the metastable state β at time
s + τ1 ≈ s to α at time t occurs with the transition probability
p(α, t|β, s).

Step 3: To each metastable state α at time t a continuous state is
allocated with state specific pdf ρ(x, t|α).

Steps 1, 2 and 3 are independent from each other

ρ(x, t|y, s) =
∑
α,β

ρ(x, t|α)p(α, t|β, s)χβ(y, s)

2C. Kim, P.Talkner, E.K. Lee, P. Hänggi, Chem. Phys. 370,277 (2010)



Properties of localizing functions and state-specific
pdfs

χα(x, t) ≈
{

1 for x ∈ Dα(t) interpolates smoothly
0 else in a region near ∂Dα(t)∑

α

χα(x, t) = 1

ρ(x, t|α) concentrated near Aα(t), vanishes elswhere.∫
Σ

dx ρ(x, t|α) = 1 ,
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pα(t) =

∫
Σ

dx χα(x, t)ρ(x, t)

ρp(x, t) =
∑
α

ρ(x, t|α)pα(t)

=⇒
∫

Σ
dx χα(x, t)ρ(x, t|β) = δα,β

ρ(x, t) =

∫
Σ

dyρ(x, t|y, s)ρ(y, s) =⇒ pα(t) =
∑
α,β

p(α, t|β, s)pβ(s)

ṗα(t)=
∑
β 6=α

kα,β(t)pβ(t)−
∑
β 6=α

kβ,α(t)pα(t) master equation

kα,β(t) =

∫
Σ

dx
∂χα(x, t)

∂t
ρ(x, t|β) +

∫
Σ

dx χα(x, t)L(t)ρ(x, t|β)



example
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Equations for χα(y, s) and ρ(x, t|α)

χα(x, t) =
n−1∑
i=0

Dα,i (t)ϕi (x, t)

ρ(x, t|α) =
n−1∑
i=0

Ci ,α(t)ψi (x, t)

− ∂

∂t
χα(x, t) = L+(t)χα(x, t)−

∑
β 6=α

kα,β(t)χβ(x, t)

+
∑
β 6=α

kβ,α(t)χα(x, t)

∂

∂t
ρ(x, t|α) = L(t)ρ(x, t|β)−

∑
β 6=α

kβ,α(t)ρ(x, t|β)︸ ︷︷ ︸
sink-

+
∑
β 6=α

kβ,α(t)ρ(x, t|α)︸ ︷︷ ︸
source-term



Absorbing boundary approximation

Sink-terms −∑β 6=α kβ,α(t)ρ(x, t|β): large if x near one of Aβ(t)
=⇒ replace sink by absorbing boundary at ∂Bβ(t);
Bβ(t): neighborhood of Aβ(t)

∂

∂t
ρ(x,t|α) = L(t)ρ(x,t|α)+kα(t)ρ(x,t|α), x∈Σα(t)≡Σ \∪β 6=αBβ(t)

ρ(x,t|α) = 0, x∈∂Bβ(t), β 6= α

ρ(x,t +T |α) = ρ(x, t|α),

kα(t) ≡
∑
β 6=α

kβ,α(t)

∂

∂t
ρ̄(x,t|α) = L(t)ρ̄(x,t|α), ρ̄(x,t|α) = 0, x∈∂Bβ(t), β 6= α

ρ(x,t|α) = N−1
α (t)ρ̄(x,t)

kα(t) = −Ṅα(t)/Nα(t)



Flux-over-population rate

kβ,α(t) =

∫
∂Bβ(t)

dS · j(x, t|α)︸ ︷︷ ︸
flux of ρ(x,t|α)into Bβ(t)

/
∫

Σα(t)
dxρ(x,t|α)︸ ︷︷ ︸

=1, population

ji (x,t|α) = Ki (x,t)ρ(x,t|α)−
∑

l

∂

∂xl
Di ,l(x,t)ρ(x,t|α)

Remarks
(i) ρ(x, t|α): Kramers’ current carrying prob. density for a
time-homogeneous process
(ii) In the time-homogeneous case the “flux over the barrier” is
conveniently determined at a saddle point. In the periodic case
only the flux that directly leads to “products” gives the correct
time-dependent rate. Only averages over a period
are insensitive to the choice of the boundary.



Decoration of metastable states

Decoration of the metastable state probabilities pα(t) with
ρ(x, t|α):

ρa(x, t) =
∑
α

ρ(x, t|α)pα(t)
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Semi-adiabatic limit and frozen detailed balance3

T , k−1(t)� τ

kα,β(t) =
��

���
���

���
�XXXXXXXXXXXX

∫
Σ

dx
∂χα(x, t)

∂t
ρ(x, t|β) +

∫
Σ

dx χα(x, t)L(t)ρ(x, t|β)

frozen detailed balance: L(t)ρeq(x, t) = ρeq(x, t)L+(t)

ρ(x,t|α) = χα(x,t)ρeq(x,t)

��
�
��
�HH

HHHH

∂

∂t
χα(x,t) = L+(t)χα(x,t) +((((

((((
(((hhhhhhhhhhhsource- and sink-terms

χα(x,t) = δα,β for x ∈ Aβ(t)

3P. Talkner, New J. Phys. 1, 4 (1999);
P. Talkner, J.  Luczka, PRE 69 , 046109 (2004)
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Conclusion of part 1

Large-time dynamics of the conditional probability ρ(x, t|y, s) is
determined by
(1) the transitions between metastable states governed by a master
equation with time-dependent rates
(2) the localizing functions χα(x, t)
(3) the state specific probabilities ρ(x, t|α).
Absorbing boundary approximation yields specific probabilities and
localizing functions.
Rates then are given by flux-over-population expressions.
Slow driving: Semi-adiabatic approximation

P. Talkner, J.  Luczka, PRE 69, 046109 (2004).
C. Kim, P. Talkner, E.K. Lee, P. Hänggi, Chem. Phys. 370, 277 (2010).



Rates and point-process of transition times4
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Transition times
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in 1

Transition times constitute two alternating
point processes {t1, t2, t3, t4 . . .}



Langevin simulation of transition times
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Entrance time density

W1(t)dt = #{transitions into state 1 within [t,t+dt]}
W1(t) = k2(t)p2(t) entrance time density

f1,1(t, s) = k2(t)p(2, t|1, s)k2(s)p2(s)

f1,2(t, s) = k2(t)p(2, t|2, s)k1(s)p1(s)

joint densities of entrances into states 1 and
1 (2) at times t and s, respectively.
pα(t): asymptotic, periodic solution of mas-
ter equation.
p(α, t|α′, s): prob. α at t conditioned on α′

at s.
Beginning of a hierarchy of joint n-time en-
trance densities.
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Counting process and Rice phase

N(t, s) = #{transitions in (s, t)} : counting process

Φ(t, s) = πN(t, s) : generalized Rice phase
Callenbach et al. PRE 65, 051110 (2002)

〈N(t, s)〉 =

∫ t

s
dt ′W (t ′), W (t) = W1(t) + W2(t)
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Phase diffusion

〈N2(t, s)〉 = 〈N(t, s)〉+ 2

∫ t

s
dt ′
∫ t′

s
ds ′ f (t ′, s ′)

〈δN2(t, s)〉 ≡ 〈(N(t, s)−〈N(t, s)〉)2〉 ∼ D(s)(t−s) for t−s →∞
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14 (2005); J. Casado-Pascual et al. PRE 71, 011101 (2005).



Residence time distributions

Rα(τ) =

∫ T
0 ds Pα(s + τ |s)Wα(s)∫ T

0 dtWα(t)

Pα(t|s) = exp{−
∫ t

s
dt ′ kα(t ′)} waiting time distribution in α
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Counting statistics

pα(n; t, s) = Prob {z(s) = α and n transitions in (s, t)}
∂
∂t pα(n + 1; t, s) = −kαn+1,αn(t)pα(n + 1; t, s)

+kαn,αn−1(t)pα(n; t, s)

pα(n + 1; s, s) = 0 pα(0; t, s) = Pα(t|s)pα(s)

αn = α for n ᾱ for n odd
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Synchronization measure P(2)

P(2) = Prob {two transitions per period}
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How often and how long?

21

reaction-coordinate

In a stretching experiment a force
that increases with time is applied to
a molecule. Often the process of con-
formational change induced by the
applied force is considered as a first
passage time problem.

k1(t) = k0
1 exp [λx1t/(kBT )]

k2(t) = k0
2 exp [−λx2t/(kBT )]

λ: speed of force increase
xi : distance of the
metastable state i from
the barrier
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Conclusion of part 2

Transition rates determine

I Densities and correlations of transition times
=⇒ average Rice phase and phase diffusion

I Residence time distributions

I Probabilities of numbers of transitions

I First passage times

I Total sojourn times of a state


