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Undeformed superspace

Generated by (anti)commuting coordinates

[xm, xn] = 0, {θα, θβ} = 0, {θ̄α̇, θ̄β̇} = 0, (1)

with m = 0, . . . 3 and α, β, α̇, β̇ = 1, 2.

Derivatives consistent with this algebra are given by

[∂m, x
n] = δnm, {∂α, θβ} = δβα, {∂̄α̇, θ̄β̇} = δβ̇α̇ (2)

and

[∂m, ∂n] = 0, {∂α, ∂β} = {∂̄α̇, ∂̄β̇} = 0, . . . . (3)

Superfiled F (x, θ, θ̄) can be expanded in powers of θ and θ̄

F (x, θ, θ̄) = f(x) + θφ(x) + θ̄χ̄(x) + θθm(x) + θ̄θ̄n(x)

+θσmθ̄vm + θθθ̄λ̄(x) + θ̄θ̄θϕ(x) + θθθ̄θ̄d(x). (4)
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Under infinitesimal SUSY transformations

δξF =
(
ξQ+ ξ̄Q̄

)
F, (5)

Qα = ∂α − iσmαα̇θ̄
α̇ ∂m , Q̄α̇ = ∂̄α̇ − iθασm

αβ̇
εβ̇α̇∂m. (6)

Also ξa, ξ̄α̇ = const. and {ξα, ξβ} = {ξα, ξ̄α̇} = {ξ̄α̇, ξ̄β̇} = 0.

Transformations (5) close in the algebra

[δξ, δη] = −2i
(
ησmξ̄ − ξσmη̄

)
∂m. (7)

Leibniz rule is undeformed

δξ
(
F ·G

)
= (δξF ) ·G+ F · (δξG)

=
(
ξQ+ ξ̄Q̄

)(
F ·G

)
. (8)
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Hopf algebra of undeformed SUSY transformations

• algebra

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0, {Qα, Q̄β̇} = 2iσm
αβ̇
∂m,

[∂m, ∂n] = [∂m, Qα] = [∂m, Q̄α̇] = 0. (9)

• coproduct

∆Qα = Qα ⊗ 1 + 1 ⊗Qα, ∆Q̄α̇ = Q̄α̇ ⊗ 1 + 1 ⊗ Q̄α̇,

∆∂m = ∂m ⊗ 1 + 1 ⊗ ∂m. (10)

• counit

ε(Qα) = ε(Q̄α̇) = ε(∂m) = 0. (11)

• antipod

S(Qα) = −Qα, S(Q̄α̇) = −Q̄α̇, S(∂m) = −∂m. (12)
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Deformation by twist

Abelian twist F = e−
i
2
θmn∂m⊗∂n , θmn = −θnm ∈ R leads to

1) θ-deformed Poincaré symmetry,
Chaichian et al. (Phys. Lett. B604, 98 (2004)), Wess (hep-th/0408080), Koch et al.(Nucl.
Phys. B717, 387 (2005))

[∂m, ∂n] = 0, [δ⋆
ω , ∂r] = ω m

r ∂m, [δ⋆
ω, δ

⋆
ω′ ] = δ⋆

[ω,ω′],

∆(δ⋆
ω) = δ⋆

ω ⊗ 1 + 1 ⊗ δ⋆
ω +

i

2
θrs

“

ωl
r∂l ⊗ ∂s + ∂r ⊗ ωl

s∂l

”

.

2) θ-deformed gravity,
Aschieri et al. (Class. Quant. Grav. 22, 3511 (2005) and 23, 1883 (2006))

[δ⋆
ξ , δ

⋆
η ] = δ⋆

[ξ,η], ∆(δ⋆
ξ ) = δ⋆

ξ ⊗ 1 + 1 ⊗ δ⋆
ξ − i

2
θrs

“

δ⋆
(∂rξ) ⊗ ∂s + ∂r ⊗ δ⋆

(∂sξ)

”

+ . . . .

3) θ-deformed gauge theory,
Aschieri et al. (Lett. Math. Phys. 78 (2006) 61), Vassilevich (Mod. Phys. Lett. A 21
(2006) 1279), Giller et al. (Phys. Lett. B655, 80 (2007))

[δ⋆
α, δ

⋆
β ] = δ⋆

−i[α,β], ∆(δ⋆
α) = δ⋆

α ⊗ 1 + 1 ⊗ δ⋆
α − i

2
θrs

“

δ⋆
(∂rα) ⊗ ∂s + ∂r ⊗ δ⋆

(∂sα)

”

+ . . . .
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Deformed SUSY transformations

We choose twist F

F = e
1
2
Cαβ∂α⊗∂β+ 1

2
C̄

α̇β̇
∂̄α̇⊗∂̄β̇

, Cαβ = Cβα ∈ C. (13)

Hopf algebra of deformed SUSY transformations

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0, {Qα, Q̄β̇} = 2iσm
αβ̇
∂m, . . . , (14)

∆F (Qα) = F
(

Qα ⊗ 1 + 1 ⊗Qα

)

F−1 (15)

= Qα ⊗ 1 + 1 ⊗Qα

− i

2
C̄α̇β̇

(

σmαγ̇ε
γ̇α̇∂m ⊗ ∂̄β̇ + ∂̄α̇ ⊗ σmαγ̇ε

γ̇β̇∂m

)

,

∆F (Q̄α) = Q̄α̇ ⊗ 1 + 1 ⊗ Q̄α̇

+
i

2
Cαβ

(

σmαα̇∂m ⊗ ∂β + ∂α ⊗ σmβα̇∂m

)

,

ε(Qα) = ε(Q̄α̇) = 0, S(Qα) = −Qα, S(Q̄α̇) = −Q̄α̇.
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⋆-product

Inverse of F introduces a ⋆-product on the superspace as

F ⋆ G = µ{F−1 F ⊗G}

= F ·G− 1

2
(−1)|F |Cαβ(∂αF ) · (∂βG) − 1

2
(−1)|F |C̄α̇β̇(∂̄

α̇F )(∂̄β̇G)

−1

8
CαβCγδ(∂α∂γF ) · (∂β∂δG) − 1

8
C̄α̇β̇C̄γ̇δ̇(∂̄

α̇∂̄γ̇F )(∂̄β̇ ∂̄ δ̇G)

−1

4
CαβC̄α̇β̇(∂α∂̄

α̇F )(∂β ∂̄
β̇G)

+
1

16
(−1)|F |CαβCγδC̄α̇β̇(∂α∂γ ∂̄

α̇F )(∂β∂δ∂̄
β̇G)

+
1

16
(−1)|F |CαβC̄α̇β̇C̄γ̇δ̇(∂α∂̄

α̇∂̄γ̇F )(∂β ∂̄
β̇ ∂̄ δ̇G)

+
1

64
CαβCγδC̄α̇β̇C̄γ̇δ̇(∂α∂γ ∂̄

α̇∂̄γ̇F )(∂β∂δ∂̄
β̇ ∂̄ δ̇G), (16)

where |F | = 1 if F is odd and |F | = 0 if F is even.
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Under complex conjugation

(F ⋆ G)∗ = G∗ ⋆ F ∗. (17)

Special examples

{θα ⋆, θβ} = Cαβ , {θ̄α̇ ⋆, θ̄β̇} = C̄α̇β̇ , [xm ⋆, xn] = 0. (18)

Nonanticommutative space; nonanticommutativity is encoded in

terms of the ⋆-product (16).

Derivatives consistent with (18) are just the usual derivatives (2).

Usual integral is the "good" integral.
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Deformed SUSY transformation is defined as

δ⋆ξF (x, θ, θ̄) =
(
ξQ+ ξ̄Q̄

)
F (x, θ, θ̄). (19)

As a consequence of (24) the ⋆-product of two superfields is

again a superfield

δ⋆ξ (F ⋆ G) =
(
ξQ+ ξ̄Q̄

)
(F ⋆ G), (20)

6= (δξF ) ⋆ G+ F ⋆ (δξG)
︸ ︷︷ ︸

.

F ⋆
(
(ξQ+ ξ̄Q̄)G

)

Leibniz rule is deformed

δ⋆
ξ (F ⋆ G) = (δξF ) ⋆ G+ F ⋆ (δξG) (21)

+
i

2
Cαβ

(

ξ̄γ̇σm
αγ̇(∂mF ) ⋆ (∂βG) + (∂αF ) ⋆ ξ̄γ̇σm

βγ̇(∂mG)
)

− i

2
C̄α̇β̇

(

ξασm
αγ̇ε

γ̇α̇(∂mF ) ⋆ (∂̄β̇G) + (∂̄α̇F ) ⋆ ξασm
αγ̇ε

γ̇β̇(∂mG)
)

.
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Chiral field Φ fulfils D̄α̇Φ = 0, with D̄α̇ = −∂̄α̇ − iθασmαα̇∂m

Φ(x) = A(x) +
√

2θαψα(x) + θθF(x) + iθσlθ̄(∂lA(x))

− i√
2
θθ(∂mψ

α(x))σmαα̇θ̄
α̇ +

1

4
θθθ̄θ̄(�A(x)). (22)

The ⋆-product of two, three,. . . chiral superfields is not chiral

Φ ⋆ Φ = A2 − C2

2
F2 +

1

4
CαβC̄α̇β̇σm

αα̇σ
l

ββ̇
(∂mA)(∂lA) +

1

64
C2C̄2(�A)2

+θα
“

2
√

2ψαA− 1√
2
CγβC̄α̇β̇εγα(∂mψ

ρ)σm

ρβ̇
σl

βα̇(∂lA)
”

− i√
2
C2θ̄α̇σ̄

mα̇α(∂mψα)F + θθ
“

2AF − ψψ
”

+θ̄θ̄
“

− C2

4

`

F�A− 1

2
(∂mψ)σmσ̄l(∂lψ)

´

”

+θσmθ̄
“

i(∂mA
2) +

i

4
CαβC̄α̇β̇σmαα̇σ

l

ββ̇
(�A)(∂lA)

”

+i
√

2θθθ̄α̇σ̄
mα̇α

`

∂m(ψαA)
´

+
1

4
θθθ̄θ̄(�A2), (23)

where C2 = CαβCγδεαγεβδ and C̄2 = C̄α̇β̇C̄γ̇δ̇ε
α̇γ̇εβ̇δ̇ .
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We project out chiral, antichiral and transverse component of
Φ ⋆ Φ and Φ ⋆ Φ ⋆ Φ by using projectors P1, P2 and PT

P1 =
1

16

D2D̄2

�
, P2 =

1

16

D̄2D2

�
, PT = −1

8

DD̄2D

�
, (24)

f(x)
1

�
g(x) = f(x)

Z

d4y G(x− y)g(y).

P2

`

Φ ⋆ Φ
´

= A2 − C2

8
F2

+
1

16
CαβC̄α̇β̇σm

αα̇σ
l

ββ̇

“

(∂mA)(∂lA) +
2

�
∂m

`

(�A)(∂lA)
´

”

+
√

2θα
“

2ψαA− 1

4
CγβC̄α̇β̇εγα(∂mψ

ρ)σm

ρβ̇
σl

βα̇(∂lA)
”

+θθ
“

2AF − ψψ
”

+ iθσk θ̄∂k

“

A2 − C2

8
F2

+
1

16
CαβC̄α̇β̇σm

αα̇σ
l

ββ̇

“

(∂mA)(∂lA) +
2

�
∂m

`

(�A)(∂lA)
´

””

+i
√

2θθθ̄α̇σ̄
kα̇α∂k

“

ψαA− 1

8
CγβC̄α̇β̇εγα(∂mψ

ρ)σm

ρβ̇
σl

βα̇(∂lA)
”

+
1

4
θθθ̄θ̄�

“

A2 − C2

8
F2 +

1

16
CαβC̄α̇β̇σm

αα̇σ
l

ββ̇
(25)

“

(∂mA)(∂lA) +
2

�
∂m

`

(�A)(∂lA)
´

””

+ O(C3).
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Wess-Zumino Lagrangian

Undeformed Wess-Zumino Lagrangian

L = Φ+ · Φ
∣
∣
∣
θθθ̄θ̄

+
(m

2
Φ · Φ

∣
∣
∣
θθ

+
λ

3
Φ · Φ · Φ

∣
∣
∣
θθ

+ c.c.
)

, (26)

with m and λ real constants.

Deformation

Φ+ · Φ → Φ+ ⋆ Φ,

Φ · Φ → P2

(
Φ ⋆ Φ

)
,

Φ · Φ · Φ →







P2

(

Φ ⋆ P2

(
Φ ⋆ Φ

))

,

P2

(

P2

(
Φ ⋆ Φ

)
⋆ Φ

)

,

P2

(

Φ ⋆ Φ ⋆ Φ
)

.
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Comments I

• kinetic term

Φ+ ⋆ Φ
∣
∣
∣
θθθ̄θ̄

= F∗F +
1

4
A∗

�A+
1

4
A�A∗ (27)

−1

2
(∂mA

∗)(∂mA) +
i

2
(∂mψ̄)σ̄mψ − i

2
ψ̄σ̄m(∂mψ)

remains undeformed.

• mass term

P2

(
Φ ⋆ Φ

)
∣
∣
∣
θθ

+ c.c. = 2AF − ψψ + 2A∗F∗ − ψ̄ψ̄

remains undeformed.
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• interaction term

P2

(

Φ ⋆ P2

(
Φ ⋆ Φ

))
∣
∣
∣
θθ

+ c.c. = 3
(
A2F − (ψψ)A

)

−1

4
KabKabF

3

+
1

2
Km

aK
∗naF

(

(∂mA)(∂nA) +
2

�
∂m

(
(�A)(∂nA)

))

−
(

Km
aK

∗naψ(∂nψ) − 2Km
aK

∗n
c(∂nψ)σcaψ

)

(∂mA) (28)

+
1

2
K∗

ab(σ̄
abσ̄lm)β̇

β̇
(∂mA)∂l

[

A2 − 1

4
KabKabF

2

+
1

2
Km

aK
∗naF

(

(∂mA)(∂nA) +
2

�
∂m

(
(�A)(∂nA)

))]

+ c.c. + O(K4),

where we introduced the following notation

Cαβ = Kab(σ
abε)αβ , C̄α̇β̇ = K∗

ab(εσ̄
ab)α̇β̇ . (29)
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Deformed Wess-Zumino Lagrangian

L = Φ+ ⋆ Φ
∣
∣
∣
θθθ̄θ̄

+
(m

2
P2

(
Φ ⋆ Φ

)
∣
∣
∣
θθ

+
λ

3
P2

(

Φ ⋆ P2

(
Φ ⋆ Φ

))
∣
∣
∣
θθ

+ c.c.
)

= A∗
�A+ i(∂mψ̄)σ̄mψ + F∗F

+
[m

2

(

2AF − ψψ
)

+ λ
(

FA2 −Aψψ
)

−λ
3

(

Km
aK

∗naψ(∂nψ) − 2Km
aK

∗n
b(∂nψ)σbaψ

)

(∂mA)

+
λ

6
Km

aK
∗naF

(

(∂mA)(∂nA) +
2

�
∂m

(
(∂nA)�A

))

(30)

− λ

12
KmnKmnF3 + c.c.

]

+ O(K4).
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Equations of motion for fields F and F∗

F∗ +mA+ λA2 − λ

4
KabKabF

2 +
λ

6
Km

aK
∗na(∂mA)(∂nA)

+
λ

3
Km

aK
∗na 1

�
∂m

(
(∂nA)�A

)
+ O(K4) = 0, (31)

F +mA∗ + λ(A∗)2 − λ

4
K∗abK∗

ab(F
∗)2

+
λ

6
Km

aK
∗na(∂mA)∗(∂nA)∗

+
λ

3
Km

aK
∗na 1

�
∂m

(
(∂nA)∗�A∗) + O(K4) = 0 (32)

are solved perturbatively and solutions inserted in the

Lagrangian (40). That gives

L = L0 + L2 + O(K4) , (33)

M. Dimitrijević, INFN Alessandria – p.17



with

L0 = A∗

�A+ i(∂mψ̄)σ̄mψ − λA∗ψ̄ψ̄ − λAψψ − m

2

(
ψψ + ψ̄ψ̄

)

−m2A∗A−mλA(A∗)2 −mλA∗A2 − λ2A2(A∗)2, (34)

L2 =
λ

3
Km

aK
∗na

(

m(∂mA) + 2λA(∂mA)
) 1

�

(
(∂nA

∗)�A∗
)

+
λ

3
Km

aK
∗na

(

m(∂mA
∗) + 2λA∗(∂mA

∗)
) 1

�

(
(∂nA)�A

)

+
λ

12
KabKab

(

mA∗ + λ(A∗)2
)3

+
λ

12
K∗abK∗

ab

(

mA+ λA2

)3

−λ
6
Km

aK
∗na

(

(mA+ λA2)(∂mA
∗)(∂nA

∗)

+(mA∗ + λ(A∗)2)(∂mA)(∂nA)
)

−λ
3

(

Km
aK

∗naψ(∂nψ) − 2Km
aK

∗n
b(∂nψ)σbaψ

)

(∂mA) (35)

−λ
3

(

Km
aK

∗naψ̄(∂nψ̄) − 2Km
aK

∗n
bψ̄σ̄

ab(∂nψ̄)
)

(∂mA
∗).
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Comments II

• we constructed a deformation of the Wess-Zumino

Lagrangian with the good classicl limit

• SUSY invariant action, but nonlocal interaction terms

• work in progress:

-renormalisability of the model

-different choice of the twist (13)

• future work

-gauge theories

-. . .
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Comments III

Different types of deformation of the superspace present in the

literature

• [xm ⋆, xn] = iθmn, [xm ⋆, θ] = 0,

{θα ⋆, θβ} = {θ̄α̇ ⋆, θ̄β̇} = {θα ⋆, θ̄α̇} = 0, . . .

Chu et al. (hep-th/9912153), Ferrara et al. (hep-th/0002084)

-follows from the twist F = e−
i
2
θmn∂m⊗∂n .

• [x0 ⋆, xj ] = iaxj , [xj ⋆, xl] = 0,

[x0 ⋆, θα] = ia
2 θ

α, [xj ⋆, θα] = {θα, θβ} = 0, . . .

Kosinski et al. (hep-th/9405076, hep-th/0011053).

• [xm ⋆, xn] = [ym ⋆, yn] = 0, [xm ⋆, θα] = iCmα,

{θα ⋆, θβ} = {θ̄α̇ ⋆, θ̄β̇} = {θα ⋆, θ̄α̇} = 0, . . .

Kobayashi et al. (hep-th/0505011), Banerjee et al. (hep-th/0511205).
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• non(anti)commutative space

{θα, θβ} = Cαβ , {θ̄α̇, θ̄β̇} = {θα, θ̄α̇} = 0,

[ym ⋆, yn] = 0, [xm ⋆, xn] 6= 0, . . .

Seiberg (hep-th/0305248), Zupnik (hep-th/0506043), Ihl et al. (hep-th/0506057),

Ferrara et al. (hep-th/0307039),. . . ;

-follows from the twist F = e
1
2
CαβQα⊗Qβ

-chirality preserved, ⋆-product non-hermitian, deformed

Wess-Zumino action invariant under N = 1/2 SUSY.

-also follows from the twist F = e
1
2
CαβDα⊗Dβ ; chirality is not

preserved, ⋆-product is not hermitian, deformed

Wess-Zumino action is invariant under N = 1 SUSY.

• . . .
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