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©@ Commutative warm-up: sine-Gordon model and a
summary of well-known results.

@ Noncommutative spacetime: Moyal algebra As(R9) and
*-product.

© Finding the model: dimensional reduction from self-dual
Yang-Mills(SDYM) theory.

© Properties of the model: classical and quantum.

© Conclusions and outlook.



Commutative Warm-up
@000

sine-Gordon Model

Consider the following theory for a real scalar field in 1 + 1
dimensions.

S— / dtdy%c‘)uqﬁc’)“qﬁ +4a2(cos ¢ — 1).

@ We use the metric n,,, = diag(1,—1), and a has the
dimensions of mass.

@ The equation of motion for ¢ is
0,0 p = —4aPsing .
@ It has kink and anti-kink solutions, which are static and

given by
o(y) = +4arctan €2 .



Commutative Warm-up
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sine-Gordon Model

@ lts energy density is given by

1602

’
— 1(0,6)% + 402(1 —cos ¢) = — X
¢ 2( y9) o( ¢) cosh? 2ay

@ The kink and its energy density have the profiles

@ lts classical mass is My = | dye = 160

@ Kink has topological charge Q = 1. It is disconnected from
the vacuum sector with Q = 0.



Commutative Warm-up
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sine-Gordon Model

A list of well-known properties...

@ Super-Renormalizable: It is sufficient to normal order the
interactions to cancel all the divergences.

- 402 (cos ¢ — 1) == 4(a® — 02)(cos ¢ — 1)

© ltis in fact integrable at the quantum level: Its S-matrix
completely factorizes into two-particle S-matrices and obey
Yang-Baxter equation. No particle production occurs!!!.

© It has an infinite set of conserved currents.

Q ltis equivalent to a fermionic theory, namely the massive
Thirring model.
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sine-Gordon Model

A list of well-known properties...

@ Super-Renormalizable: It is sufficient to normal order the
interactions to cancel all the divergences.

- 402 (cos ¢ — 1) == 4(a® — 02)(cos ¢ — 1)

@ ltis in fact integrable at the quantum level: lts S-matrix
completely factorizes into two-particle S-matrices and obey
Yang-Baxter equation. No particle production occurs!!!.

© It has an infinite set of conserved currents.

Q ltis equivalent to a fermionic theory, namely the massive
Thirring model.

@ To explore the indications of the model at the quantum
level, a simple analysis is to compute the corrections to
Myink by semi-classical means.




Commutative Warm-up
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sine-Gordon Model

Quantum corrections to the kink mass

@ This is done by finding the normal modes of the
fluctuations around the kink solution. If w, are the
frequencies of these modes, this implies

1
Ekink—sector = 16 + éhz wp + O(az)
n

@ To find My, at this approximation, one subtracts Eyscuum
from Ejinx and regularizes the remaining divergences by
renormalizing «. This gives

2
Mkink =16a — ;Oé + O(Oéz)




NC Spacetime
[ ]
Definitions

Noncommutative spacetime: Moyal algebra and x-product

@ Flat noncommutative spacetime is the associative algebra
Ag(RY)(Moyal algebra) defined via the x-product:

(F+ g)(x) = f(x)e”" %P g(x).

@ The coordinate functions x,, generate A,(R?) and they fuffil
the commutation relations

Xy * Xy — Xy % Xy =2 [Xp, Xols = 160 .

@ 0, is a real antisymmetric tensor of rank 2, with constant
components.




Finding the Model

We would like to have a NC sine-Gordon theory which...

@ Classically Integrable: There is a linear system of
equations, whose compatibility condition implies a
noncommutative version of sine-Gordon field equations.

@ Correct commutative limit.

@ Possess kink, anti-kink solutions.

@ Causal S-matrix at tree-level.




Finding the Model

We would like to have a NC sine-Gordon theory which...

@ Classically Integrable: There is a linear system of
equations, whose compatibility condition implies a
noncommutative version of sine-Gordon field equations.

@ Correct commutative limit.
@ Possess kink, anti-kink solutions.
@ Causal S-matrix at tree-level.

What further properties it may have?.

@ Semi-Classical behavior: spectrum of quadratic
fluctuations around the vacuum and kink solutions.

@ Behavior at one-loop level; quantum corrections to M.
@ SUSY extensions and their properties...




Finding the Model
o
SDYM theory and dimensional reduction

© Consider the self-dual U(2) SDYM on A,(R(?2)). (We
follow Lechtenfeld et. al. Nucl.Phys.B705(2005)).

1 o
FMV = Eeuypo'Fp 5 F},Ll/ - a,LLAV - aVA//' + [AIU"AV]*

Q In Ay(R(1), after gauge fixing, self-duality equation
becomes

I (O % 0xP) — 9y (1 %9, P) =0, d € U2).
© This is the compatibility condition for the linear system

(COx— )W = 0 15,04V, ((Dy—0x)W = O 140D %V
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o
SDYM theory and dimensional reduction

© Consider the self-dual U(2) SDYM on A,(R(?2)). (We
follow Lechtenfeld et. al. Nucl.Phys.B705(2005)).

1 o
FMV = Eeuypo'Fp 9 Fyl/ - a,LLAl/ - aVA//' + [AIU"AV]*

Q In Ay(R(1), after gauge fixing, self-duality equation
becomes

I (O % 0xP) — 9y (1 %9, P) =0, d € U2).
© This is the compatibility condition for the linear system

(COx— )W = 0 15,04V, ((Dy—0x)W = O 140D %V

e W(x,u,v,¢)isvaluedin U(2) and ¢ € CP"
@ There is the reality condition W (-, ¢) x Wi(-, () = 1.
e We further have W(-,¢ — 0) = o,



Finding the Model
e0
Reduction to 1 + 1-dimensions

@ Let’s assume that x-direction is commuting with ¢ and y.
@ We take the ansatz

(1, X, y) = V(x) ( 9 ;_ ) Vix).

@ V(x)=e>1, g, c UX).

Compatibility equation implies

Ou(gy" *0ugy) + 0?97 xgs — g7 xg-) = O
0(9~" *x9ug- ) +0%(97 xg- —9- ' xgy) = 0




Finding the Model
oe
Reduction to 1 + 1-dimensions

@ Itis possible to parameterize g, by g — e; 2¥*")

@ Commutative limit # — 0, reproduces the standard sine-Gordon
field equation:

Dudyp = —4asing, 0,0,p=0.

@ If « = 0, we would have had

Ou(gy' *0u9:) =0, 0v(g-"' *0ug-)=0.




Finding the Model
oe
Reduction to 1 + 1-dimensions

@ Itis possible to parameterize g, by g — e; 2¥*")

@ Commutative limit # — 0, reproduces the standard sine-Gordon
field equation:

Dudyp = —4asing, 0,0,p=0.

@ If « = 0, we would have had

Ou(gy' *0u9:) =0, 0v(g-"' *0ug-)=0.

@ These imply that the action should be consisting of WZW actions
for g, and g_, plus an interaction term:

S19+,9-]1 = Swzwlg+] + Swzwlg-1+
ae/dtdy(gi*g_ +g1 *xgy —2).




Properties of the Model

The model has the standard static kink, anti-kink solutions.

°
o = tdarctane®™, pp =0, go= e z%0

@ Multi-soliton configurations can be constructed using the
linear system via the "dressing" method.

@ We will study the quadratic fluctuations around the kink
solution. Invoking the semi-classical reasoning, the energy
spectrum for the kink particle will be

1 2
Ekink—sector = 16 + D) Zn:(wn —+ Vn) + O(a )

where w, and v, are the frequencies for the normal modes.




Properties of the Model
L]
Background field method

@ Let’s split the fields g, , g by setting
g+ =goe Y, g =g,

@ 1, ¢ are fluctuations in the static background go.
@ We expand S[g., g_] up to cubic order in 1 and &.

Slg:,9-]1= Slgo] - /dl‘dy(@,,,n)2 + (8,€)? + interaction terms

@ First, we find the field equations for 1 and ¢ and expand
them to second order in 6.

© Next, we expand the fluctuations in modes by assuming

n(ty) =Y e“lyn(y), &(ty)=>_ e""xaly).



Properties of the Model
°

Equations for fluctuations

Eigenmodes fulfil the Schrédinger-type equations:

Equations, (z := 2ay)
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Eigenmodes fulfil the Schrédinger-type equations:

Equations, (z := 2ay)

Potentials

inh
Vo = (2tanh?z—1), Vs = w220 22
cosh® z
2 sinh? z
Vo = —wid? -
2 " <cosh“z cosh“z)
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Properties of the Model
@0

Spectrum of fluctuations

We consider /-dependent potentials as perturbations.

@ For 0 = 0, the spectrum is exactly known. It consists of a
zero mode followed by a continuum of states.

Yo(2) = Ozp0 = “coshz’ Vq(z) = €% (tanh z — iq) .

@ vo(2) = — ;55 is static, and remains a zero-mode to all
orders in 0.

© Atorder 0: V4 and W, are odd under parity, so first order
perturbations in 6 give no corrections to the normal
frequencies.



Properties of the Model
oe

Spectrum of fluctuations

At order 62:

@ Corrections to normal frequencies due to V> and W, via
first order perturbation theory in 62 also vanish.

@ It does not seem possible to obtain analytic results for V4
and W; at second order in perturbation theory.
Qualitatively, it seems unlikely that they change the
spectrum considerably:

Potential Profiles




Properties of the Model

[ lo]e}

Feynman rules and two-point functions

Propagators

@ The vertices at quartic order in the fields ¢ and p




Properties of the Model
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Feynman rules and two-point functions

Feynman rules for these vertices read

°
\/ = —%(m A kz) sin (0%)9‘59“‘1“‘2“‘2“‘@

°
>< _ 11—2a2e(’5927<1k’/\k/) _ 22’:4!;(1 (ks — ko)

x sin (QM)e—éf’(’ﬂ NKo+Ky AKg+ky Aka-+ho ARy +K3 AKg)



Properties of the Model
o] lo}

Feynman rules and two-point functions

Feynman rules for these vertices read

°
. A Kk i
\/ = —%(m A kz) sin (0%)9‘?9(’““‘2“‘2“‘3)
°
1 —1SN Kk i
>< = ﬁaze( 20 i KiNNG) sz 4k (ks — ko)
x sin (6 ko A ks)e—éﬁ(lﬁ Nka+ki Akg+Ki AKg+Ka NKg+Ka AKy)

@ aANb=aby — ayb;



Properties of the Model
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Feynman rules and two-point functions

Scattering amplitudes

It was shown by Lechtenfeld et. al.Nucl.Phys.B705(2005)) that
this model do not exhibit any acausal behavior at tree level.

=Y 5

@ All other amplitudes, A, p, Azp—pps App—pp @nd A,y
vanish.

@ Thus the model has no acausal effects.

@ Amplitudes for o — e and ppp — v also vanish.
This is in agreement with the commutative sine-Gordon
model.



Properties of the Model
@00

One-Loop Behavior

One-loop two-point functions in vacuum sector...

@ Two-point function for ¢ is /,(P?)

P)=—0  + 0 +—

I+,

@ Non-planar diagram /(P?) leads to UV/IR mixing. We
observe this from

) —OZZ 2,2 2 40(2 .
hL(P?) = 67'09 a0 P< + N + subleading terms,

@ 3(P?) and I4(P?) are present purely due to the
noncommutativity, they vanish as ¢ — 0. There is no UV/IR
mixing due to /;(P?), lz(P?) and I,(P?).

@ /,(P?)is present also purely due to the noncommutativity,
but it does not lead to any UV/IR mixing.



Properties of the Model
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One-Loop Behavior

Renormalization in the Euclidean signature.

@ For P+ 0, 0 +# 0, the leading terms for /,(P?) reads

2

2 P2 4o
a } Iog —--tfinite terms+subleading terms

2\
l‘P(P)N|:3ﬂ_ +26

@ Mass and field strength counter terms are found using
standard renormalization methods.

@ There is only field strength renormalization for the field p.

@ Remark1: When 6 — 0 the standard answer for the
commutative sine-Gordon model is recovered.

@ Remark2: /(P?) leads to unitarity violation, when it is
analytically continued to the Minkowski space.



Properties of the Model
ooe

One-Loop Behavior

SUSY extensions

A natural N = 1 SUSY extension of the action is
S = Sswzw[G] + Sswzw[G-]
24 / dtdyd®0G « GE + G * « G*



Properties of the Model
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One-Loop Behavior

SUSY extensions

A natural N = 1 SUSY extension of the action is
S = Sswzw[G+] + Sswzw[G-]
_2a / dtdycP6GE « G + G7¢ « GE
Sswzw(G) = % / dtdya®0DG " « DG

+ % /dtdydzed/\G“OAG* DG xy5DG.

@ D and D are standard SUSY covariant derivatives.
@ Standard SUSY kink is a solution of the field equations.

@ Classical integrability of the field equations are under
investigation. It seems that there indeed exits a linear system for
this model, its details are being worked out.

@ It will certainly be useful to see if SUSY helps in regularizing the
divergences of the bosonic theory.



Conclusions and Outlook

Summarizing...

@ We have studied the quantum aspects of sine-Gordon model in
noncommutative spacetime. Our aim has been to infer to what
extent the classical integrability is useful in this respect.

@ We have presented a perturbative treatment of
noncommutativity to study the spectrum of fluctuations
around the kink. This implied that the latter is in good
agreement with that of the ordinary sine-Gordon model.

©@ Two-point functions at one-loop level show UV/IR mixing due to
interactions coupled via o2, but it appears that there are
non-planar diagrams which do not lead to UV/IR mixing effects.

@ In Euclidean signature, mass and field strength
renormalizations are obtained for non-exceptional
momenta. However, in Minkowski signature there is still
unitarity violation.

e Although, the usual vacuum subtraction can be performed it
is not clear, how to regularize the divergences of the theory
in Minkowski space.



Conclusions and Outlook

3 It maybe be helpful to study the quantum effects in the
2 + 1-dimensional Ward-model to gain more insights on
the structure of the present class of models.

4 It will certainly be useful to study the SUSY generalizations
of this model and see if it helps in regularizing the
divergences of the bosonic theory. Investigations in this
direction are already underway.
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