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The noncommutative torus
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The noncommutative torus

The algebra of functions over the (two dimensional) noncommutative
torus is associated with a lattice ' isomorphic to Z?

Ay = > £U, with feC

y=(m.n)er
and equipped with a multiplication law depending on § € R

_ _imO(mn’ —nm’
Uy Uy = ™ MUyt
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Ay = > £U, with feC
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and equipped with a multiplication law depending on § € R
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Structure of the algebra:

» Ay is the commutative algebra of functions over a torus when 0 € Z

» Ay is a bundle of g x g matrices over a torus when 6 = g is
rational
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T oncommutative torus
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Ay = > £U, with feC
y=(m.n)er
and equipped with a multiplication law depending on § € R
U’Y U’Yl — ei71'a9(mn'—nm') U’y+'y’

Structure of the algebra:

» Ay is the commutative algebra of functions over a torus when 0 € Z

» Ay is a bundle of g x g matrices over a torus when 6 = g is
rational

» Ay is simple when 0 is irrational (no commutative interpretation)
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T oncommutative torus

The algebra of functions over the (two dimensional) noncommutative
torus is associated with a lattice ' isomorphic to Z?

Ay = > £U, with feC
y=(m.n)er
and equipped with a multiplication law depending on § € R
U’Y U’y’ — ei7n9(mn/—nm') U’y+'y’

Structure of the algebra:

» Ay is the commutative algebra of functions over a torus when 0 € Z

» Ay is a bundle of g x g matrices over a torus when 6 = g is
rational

» Ay is simple when 0 is irrational (no commutative interpretation)

The differential calculus is constructed using the derivations
0, Uy = 2imy, U, and the trace Tr4,(U,) = d,,0 that plays the role of
an integral.
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Projective modules over the noncommutative torus
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Projective modules over the noncommutative torus

Projective modules are the noncommutative analogues of the space of
sections of a vector bundle.
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Projective modules over the noncommutative torus

Projective modules are the noncommutative analogues of the space of
sections of a vector bundle.

The Heisenberg representation on functions on R defines a projective
module & over Ay

(¢U7)(X) _ ei-rr0mn e2i71-n>< ¢(X + me)
with a connection V, : £ — &

Vio() = —226(x) and Vao(x) = 22,

compatible with the hermitian structure £ x £ — Ay

(01, = 3 (70 [ axd) @ sot) ) 0,

yer
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Projective modules over the noncommutative torus

Projective modules are the noncommutative analogues of the space of
sections of a vector bundle.

The Heisenberg representation on functions on R defines a projective
module & over Ay

(¢U7)(X) _ ei-rr0mn e2i71-n>< ¢(X + me)
with a connection V, : £ — &

V1¢(X)=*2i;rx¢(><) and  Vao(x) = 29

compatible with the hermitian structure £ x £ — Ay

(01, = 3 (70 [ axd) @ sot) ) 0,

yer

This projective module corresponds to the wave functions of the lowest
Landau level and the action of A4y encodes the magnetic translations
along a lattice with 8 the magnetic flux through the unit cell measured in

terms of the flux quantum %
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Definition of the action functional
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Definition of the action functional

The action functional defined on the projective module is

516,81 = Trag [ (V6,V0) 4 |12 Tea [ (6.0) 4, |5 Traa [ (0002, |
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Definition of the action functional

The action functional defined on the projective module is

516,81 = Trag [ (V6,V0) 4 |12 Tea [ (6.0) 4, |5 Traa [ (0002, |

For the Heisenberg module it reads

SI6,6] = Judxd(x) (— & + %5x) 6(x) + 42 fy dx d(x) 6(x)

3 Y fp dx@(xtntmb) ¢(x-+n) §(x) $(x-+mh).

m,n€Z
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Definition of the action functional

The action functional defined on the projective module is

516,81 = Trag [ (V6,V0) 4 |12 Tea [ (6.0) 4, |5 Traa [ (0002, |

For the Heisenberg module it reads

SI6,6] = Judxd(x) (— & + %5x) 6(x) + 42 fy dx d(x) 6(x)

3 Y fp dx@(xtntmb) ¢(x-+n) §(x) $(x-+mh).

m,n€Z

Main features of this action:

» The kinetic term is identical to the Harmonic oscillator
» The action is invariant under the Langmann-Szabo duality

S, u,0[0: 81 = 7 Sox, 02, 1/0[1,71]
with (&) = [ dx e72™¢ ¢(x) the Fourier transform of ¢



Perturbative expansion
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Perturbative expansion

To compute the correlation functions
/g[D¢][D¢T] (6@ ¢")- (9@ ol) e=1001)
[1Del[og1) e-sto
£

Gon =

we introduce the Hubbard-Stratonovitch auxiliary field

o 3T [0, ] — / [DA] e Tr40 3420604,
Ao
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Perturbative expansion

To compute the correlation functions
/g[D¢][D¢T] (6@ ¢")- (9@ ol) e=1001)
[1Del[og1) e-sto
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Gon =

we introduce the Hubbard-Stratonovitch auxiliary field
e 3T (000, ] _ / [DA] e Tr40 3420604,
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Feynman rules:
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Perturbative expansion

To compute the correlation functions
/g[D¢][D¢T] (6@ ¢")- (9@ ol) e=1001)
[1Del[og1) e-sto
£

Gon =

we introduce the Hubbard-Stratonovitch auxiliary field

o 3Ty (0003, ] / [DA] ¢~ 0 [34412A(0.0)4, ]
Ao
Feynman rules:

» Trivial A propagator

> =
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Perturbative expansion

To compute the correlation functions
/[D¢][D¢T] (6@ 1) (¢ @ ¢t) =S89l
3

Gy =
[1Del[og1) e-sto
£

we introduce the Hubbard-Stratonovitch auxiliary field

3Tra, [(¢,¢)f46] :/ [DA] o Trag [%A2+i/\A(¢"¢)A3]

67 2
Apg
Feynman rules:
1
» Trivial A propagator g 3
—_— H-1

» Harmonic oscillator ¢ propagator
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Perturbative expansion

To compute the correlation functions
/[D¢][D¢T] (6@ 1) (¢ @ ¢t) =S89l
3

Gy =
[1Del[og1) e-sto
£

we introduce the Hubbard-Stratonovitch auxiliary field

o= 3Tra, (000, ] _ [DA] ¢~ 0 [34412A(0.0)4, ]

Ao
Feynman rules:
- AN 1
» Trivial A propagator 3
. . —_— -
» Harmonic oscillator ¢ propagator H-1
> Interacting vertex between ¢ and A iAU,
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Examples of diagrams
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Examples of diagrams
-1
. ;lf:/\\? . —A> U, HU,

v
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Examples of diagrams

-1
- /f?‘% - XUy

v

=AY T (U, H ) U,
Y
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Examples of diagrams
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Bundle of rectangular matrices at rational ¢

(1)
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Bundle of rectangular matrices at rational ¢

For 8 = p/q the projective module can be realized as a bundle of
rectangular p X g matrices on a torus of size 1/q

M;; (x,y) Z ¢( ’q +Jp+ ”PQ)e_ziﬂnqy
n€Z aq

(1)
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Bundle of rectangular matrices at rational ¢

For 8 = p/q the projective module can be realized as a bundle of
rectangular p X g matrices on a torus of size 1/q

My(x,y) =3 ¢( W)e—ziwnw
nezZ q
with the twisted boundary conditions
M(x,y + ¢) = M(x.y)
M(x+ §,y) = Q3(ay)M(x, )5 *(—ay)

where a and b are two integers such that ag 4+ bp =1 and Qu(y) is the
N x N matrix defined by

Qn(y) = (1)

eZi‘/ry 0
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Matrix model in the limit p,g — oo and p/q — 0
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Matrix model in the limit p,g — oo and p/q — 0

For 8 = p/q, the action functional identifies with a rectangular matrix
model with twisted boundary conditions

S[e, 9] = q/q dX/q dy Tr [VHMTV“M+M2MTM+ ;\(MTM)z]
0 0

using the previous correspondence between ¢ and M.
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Matrix model in the limit p,g — oo and p/q — 0

For 8 = p/q, the action functional identifies with a rectangular matrix
model with twisted boundary conditions

1 1
- i i A
5[¢7¢]=q/ dX/ dy Tr [VHMTV“M+M2MTM+2(MTM)2]
0 0
using the previous correspondence between ¢ and M.

Since the action on the projective module only depends on p/q it is
possible to take the limit of large matrices

Jim /[DM][DMT]e*qSIM,MT] N /[D¢][D$]e’5[¢’$]

p/a—0

with S[M, MT] the matrix model action.
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Matrix model in the limit p,g — oo and p/q — 0

For 8 = p/q, the action functional identifies with a rectangular matrix
model with twisted boundary conditions

1 1
- i i A
5[¢7¢]=q/ dX/ dy Tr [VHMTV“M+M2MTM+2(MTM)2]
0 0
using the previous correspondence between ¢ and M.

Since the action on the projective module only depends on p/q it is
possible to take the limit of large matrices

Jim /[DM][DMT]e*qSIM,MT] N /[D¢][D$]e’5[¢’$]

p/a—0

with S[M, MT] the matrix model action.

As we take the limit of large matrices, the torus shrinks to a single point.
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Renormalization at the one loop order
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Renormalization at the one loop order

Consider a four dimensional model obtained by a tensor product of two
Heisenberg modules.
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Renormalization at the one loop order

Consider a four dimensional model obtained by a tensor product of two
Heisenberg modules.

Using Schwinger parameters « to write propagators as

H_lz/ dae M
0

we obtain a integral over o and a sum over 7.
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0
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Renormalization at the one loop order

Consider a four dimensional model obtained by a tensor product of two
Heisenberg modules.

Using Schwinger parameters « to write propagators as
o0
H™! :/ dae ot
0

we obtain a integral over o and a sum over 7.

4& - _A/ do Z U_"Y e_aH U7
0
5

Sums over «y are convergent (as distributions) as soon as a # 0.
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Renormalization at the one loop order

Consider a four dimensional model obtained by a tensor product of two
Heisenberg modules.

Using Schwinger parameters « to write propagators as

H_lz/ dae M
0

we obtain a integral over o and a sum over 7.

4& - _A/ do Z U_"Y e_aH U7
0
5

Sums over «y are convergent (as distributions) as soon as a # 0.

The theory is renormalizable for irrational 0 satisfying a Diophantine
condition provided we add a new counternterm

N [Tra, (6.0).4,)°
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Planar vs non-planar at « =0
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Planar vs non-planar at « =0

Planar diagrams have an ordinary divergence

Z Uy Uy, @ Uy Uy, = Z Uy, ® U, (Z 1)

V1,72 Y=71+72 71
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Planar vs non-planar at « =0

Planar diagrams have an ordinary divergence

U’Y2®U71U72: Z U®U )

’)’1 V2 Y=71+72 71

Non-planar diagrams exhibit a special divergence at v =0

E

Z @ U- Y2 U = Z U & U Zez""re('hﬁ))
"

V1,72 Y=Y1+72
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