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• Spacetime manifold is replaced by a noncommutative algebra 
of „functions on NC spacetime“
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• Priciples of quantum mechanics are applied to spacetime itself
[xi,xj] = θij(x)

• Spacetime manifold is replaced by a noncommutative algebra 
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• Model of short distance structure of spacetime
→ uncertainty relation for position measurements

• Priciples of quantum mechanics are applied to spacetime itself
[xi,xj] = θij(x)

• Spacetime manifold is replaced by a noncommutative algebra 
of „functions on NC spacetime“
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Noncommutative / Quantum
Spacetime



Lorentz invariant discrete spacetime



Lorentz invariant discrete spacetime
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precision Δ x, requires... 
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position measurement with
precision Δ x, requires...

momentum ~ / Δ x

energy ~c / Δ x

creates horizon
of size G~ -3 /  Δx
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If horizon G~ c-3/Δ x > Δ x ⇒ information is lost

spacetime uncertainty

⇒Δx ≥
s
h̄G

c3
∼ 10−33cm



noncommutative spacetime

[x̂i, x̂j] = iθij

spacetime uncertainty 

Δx ≥
s
h̄G

c3
∼ 10−33cm



Picture: Robert Dijkgraaf

String Theory

In a closed-string background, the dynamics
of D-branes is goverened by a
noncommutative U(N) gauge theory
based on a star product. 



Star product

• Noncommutative associative algebra realized on 
ordinary functions via a bi-differential operator

• „Spacetime“ (t,x1,x2,x3,...) becomes an auxilliary space

• Efficient way to implement field theory on NC spaces

f ? g= f · g+ ih
2 θ
ij∂if · ∂jg+ . . .



Field theory on
NC spacetime



Field theory on NC spacetime

Functions on spacetime; coordinates, as well as 
classical fields are promoted to operators

(„functions on NC spacetime“) 

Spacetime noncommutativity is often 
formulated via star products

φ 7→ φ̂

φ̂ ψ̂ =: dφ ? ψ



Field theory on NC spacetime

f?g= fg+
ih̄

2

X
i,j

θij ∂i(f)∂j(g)+
−h̄2
4

X
i,j,k,l

θijθkl ∂i∂k(f)∂j∂l(g)+

+
−h̄2
6

⎛⎝ X
i,j,k,l

θij ∂j(θ
kl) (∂i∂k(f)∂l(g)− ∂k(f) ∂i∂l(g))

⎞⎠+O(h̄3)

Classical fields are still ordinary functions, but
products of fields are replaced by star products



Field theory on NC spacetime

There is a huge “gauge“ symmetry:  

Any invertible formal differential operator D yields 
a new equivalent star product

D(f ?0 g) = Df ?Dg



Field theory on NC spacetime

The simplest, most popular and furthermore
translationally symmetric example...

Moyal-Weyl
f?g=

∞X
n=0

1

n!

µ
ih̄

2

¶n
θμ1ν1 · · · θμnνn ∂μ1 . . . ∂μn f·∂ν1 . . .∂νn g

xμ ? xν = xμxν +
ih̄

2
θμν , [xμ ?, xν] = ih̄θμν



Field theory on NC spacetime

... arises from an abelian twist:

F = exp
µ
− i
2
θμν∂μ⊗ ∂ν

¶

f ? g = μ(F−1(f ⊗ g))



Field theory on NC spacetime

... it can be generalized:

f ? g = μ(F−1(f ⊗ g))

F = exp
µ
− i
2
θab Va⊗ Vb

¶
, [Va,Vb] = 0



Field theory on NC spacetime

... and it fixes two directions in spacetime that badly 
break global as well as local spacetime symmetry.

f?g=
∞X
n=0

1

n!

µ
ih̄

2

¶n
θμ1ν1 · · · θμnνn ∂μ1 . . . ∂μn f·∂ν1 . . .∂νn g

xμ ? xν = xμxν +
ih̄

2
θμν , [xμ ?, xν] = ih̄θμν



Perturbative effects
Lorentz violation, new interactions, SM forbidden decays

• Plasmon decay:
Neutrino-photon interaction from 
star commutator

Neutrino dipole moments

• Gauge sector: Z→ γγ
New triple gauge boson interaction

violates Yang theorem: spin & parity

γpl→ νν̄

cDμψ̂ = ∂μψ̂ − ieÂμ ? ψ̂+ ieψ̂ ? Âμ



• Ultraviolet-infrared mixing (UV/IR)

• Non-abelian character of abelian NC gauge theory

(like SU(N) – but formula holds also for N = 1)

• Discrete structure of non-commutative spacetime

Λ2 = |pμθ2μνpν|−1→∞ for p→ 0

β(g2) = ∂g2

∂ lnΛ = −223 g
4N2

8π2

Non-perturbative aspects



Spectrum of q-Minkowski space             Cerchiai, Wess (1998)
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Noncommutative
local symmetry



f?g= fg+
ih̄

2

X
i,j

θij ∂i(f)∂j(g)+
−h̄2
4

X
i,j,k,l

θijθkl ∂i∂k(f)∂j∂l(g)+

+
−h̄2
6

⎛⎝ X
i,j,k,l

θij ∂j(θ
kl) (∂i∂k(f)∂l(g)− ∂k(f) ∂i∂l(g))

⎞⎠+O(h̄3)

We should consider x-dependent θ :

[xμ ?, xν] = i h̄θμν(x)

Global versus local symmetries



Global symmetries are as in the commutative theory
(if θ is transformed as well). 

But partial derivatives in the star product still cause 
problems with local symmetries. 

Global versus local symmetries
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Global versus local symmetries

Partial derivatives are replaced by covariant derivatives
in gauge theories and in general relativity.

But this will i.g. break associativity of the star product.

f?g= fg+
ih̄

2

X
i,j

θij ∂i(f)∂j(g)+
−h̄2
4

X
i,j,k,l

θijθkl ∂i∂k(f)∂j∂l(g)+

+
−h̄2
6

⎛⎝ X
i,j,k,l

θij ∂j(θ
kl) (∂i∂k(f)∂l(g)− ∂k(f) ∂i∂l(g))

⎞⎠+O(h̄3)



Global versus local symmetries

Partial derivatives are replaced by covariant derivatives
in gauge theories and in general relativity.

But this will i.g. break associativity of the star product.

The problem can be addressed in two ways:
• Noncommutative gauge symmetry

• Noncommutative twisted symmetry



Noncommutative gauge symmetry

Star products are not compatible with ordinary 
gauge transformations, but they are compatible
with NC gauge transformations:

δ̂Dμ = i[Λ ?, Dμ], δ̂Fμν = i[Λ ?, Fμν],

δ̂Ψ= iΛ ?Ψ, δ̂Ψ̄ = −iΨ̄ ?Λ

Dμψ = ∂μψ− iAμ ? ψ



Diffeomorphisms

Consider two scalar functions f,g
and a vector field ξ = ξμ(x) ∂μ .

Under an infinitesimal coordinate transformation
xμ a xμ + ξμ :  δξ f = - ξ f,  δξ g = - ξ g ,

the star product is not covariant
δξ(f ∗ g) ≠ δξ f ∗ g + f ∗ δξ g .

In fact 
ξ (f ∗ g) ≠ ξ f ∗ g + f ∗ ξ g + f ∗ξ(θ) g 



The simple star product of two 
scalar functions f, g  fails to be covariant:

is not a scalar function.

Instead,

We need to consider equivalence classes of 
star products: Gauge theory of the star product?

f ? g

ρ(f) ? ρ(g) = ρ(f ?0 g)



Noncommutative
twisted symmetry



Twisted gauge theory

Covariant derivative (as in NC gauge theory)

Twisted coproduct

for the transformation of products of fields

Dμψ = ∂μψ− iAμ ? ψ

δλ(φ ? ψ) =
X
(δλ(1)φ) ? (δλ(2)ψ)

Δ?λ ≡
X

λ(1)⊗ λ(2) = F(λ⊗ 1+ 1⊗ λ)F−1



Twisted gauge theory

Twisted gauge transformation

...of matter fields

...of gauge fields

...of covariant derivatives

δλAμ = ∂μλ+ iλa[Ta ·, Aμ]

δλ(Dμψ) = δλ(∂μψ − iAμ ? ψ) = iλ · (Dμψ)

δλψ = iλ · ψ ≡ iλa(x)Ta · ψ



Tensor fields on NC spacetime

For two tensor fields V, W

should be a tensor too. 

For two scalar functions f, g

should be a scalar function.

V ?W

f ? g



Postulate that            is a scalar:f ? g

and diffeomorphisms are generated by 
ordinary vector fields 

The vector field ξ does not „see“ the star product;
We need a product rule: the coproduct

δ̂ξ(f ? g) = −ξ(f ? g)

δ̂ξ(f ? g) = δ̂ξ(1)f ? δ̂ξ(2)g,

Δ?ξ ≡
X

ξ(1)⊗ ξ(2)



In the commutative case the coproduct is

For the Moyal-Weyl star product (θ const.) the 
coproduct is obtained by an abelian twist:

On scalar functions, the twist generates the 
star product itself:

f ? g = μ [F−1(f ⊗ g)]

Δ(ξ) = ξ ⊗ 1+ 1⊗ ξ

Δ?= FΔF−1, F = exp(−iθ
ij

2
∂i⊗ ∂j)



Twisted local symmetry

• Symmetry transformations are undeformed.

• The product rule is deformed by a twist.

• The failure of co-commutativity induces the 
noncommutativity of fields.



noncommutative/
twisted gravity



noncommutative/
twisted gravity

with Julius Wess
Paolo Aschieri, Christian Blohmann

Marija Dimitrijevic, Frank Meyer



Symmetry with twisted coproduct

Two simple rules:

• The transformation of individual tensors is 
undeformed

• Tensors must be star-multiplied



Twisted nc differential geometry

Transformation laws

scalar field

covariant vector

contravariant vector

δ̂ξVμ = −ξρ∂ρVμ− (∂μξρ)Vρ

δ̂ξφ = −ξφ, ξ ≡ ξμ(x)∂μ

δ̂ξV
μ = −ξρ∂ρV μ+(∂ρξμ)V ρ



Twisted nc differential geometry

Tensors
star products of tensors are again tensors

Note that the star product may act non-trivially on 
tensor indices: To ensure covariance and associativity
the derivatives in the twist must be Lie-derivatives.

For the simple Moyal-Weyl star product this does not happen. 
The following formulas are given for that case.



Twisted nc differential geometry

Connection
covariant derivative

curvature and torsion

DμVν = ∂μVν −Γαμν ? Vα

[Dμ, Dν]Vρ = Rμνρ
σ ? Vσ+ Tμν

α ?DαVρ

Tμν
α = Γαμν − Γανμ

Rμνρ
σ = ∂νΓ

σ
μρ− ∂μΓσνρ+Γβνρ ?Γσμβ− Γβμρ ?Γσνβ



Noncommutative gravity

metric
an invertible real symmetric tensor
whose covariant derivative vanishes.

Christoffel symbols

Gμν

Γσαβ=
1

2
(∂αGβγ+ ∂βGαγ− ∂γGαβ) ? Gγσ?



Noncommutative gravity

Ricci tensor

curvature scalar

action / equations of motion...

Rμν = Rμνρ
ρ

R= Gμν? ? Rμν

Rμν − 1
2
R ?Gμν = 8πGTμνS =

Z
dnx
√−gR (+cc)



Noncommutative gravity equations

Solutions?
Formidable task, considering that the 
noncommuative Einstein equations contain
derivatives to all orders.

• Perturbative corrections to known solutions

• Use symmetries

Rμν − 1
2
R ?Gμν = 8πGTμν



A solution of the NC gravity equation is a
mutually compatible pair:

• an algebra / twist
• a metric

?/F gμν

Rμν − 1
2
R ?Gμν = 0

Noncommutative gravity equations



noncommutative gravity
exact solotions

with Sergey Solodukhin



solution no.1
flat space...

• Minkowski, Robertson W.
• Moyal-Weyl star product



solution no.2
curved space...



solution no.2
curved space...

...with spherical symmetry



Spherical symmetry
Killing vectors

compatible algebra

note:
• may also depend on casimir
• the product acts non-trivially on tensors

[ξi, ξj] = i²ijkξk Lξigμν = 0

λ

[xi ?, xj] = 2iλ²ijkxk



Star product

f ? g = fg+
∞X
n=1

Cn(
λ

ρ
)ξ+

nf ξ−ng

Cn(
λ

ρ
) = B(n,

ρ

λ
)

=
λn

n! ρ(ρ− λ)(ρ− 2λ) · · · (ρ− (n− 1)λ)

Grosse, Presnajder; Alekseev, Lachowska; Sämann...



Star product

f ? g = fg+
∞X
n=1

Cn(
λ

ρ
)ξ+

nf ξ−ng

Cn(
λ

ρ
) = B(n,

ρ

λ
)

=
λn

n! ρ(ρ− λ)(ρ− 2λ) · · · (ρ− (n− 1)λ)

projective twist:     (Kürkcüoglu, Sämann: „Pseudotwist“)

F̄ =
X
Cn(ρ)Lξ+n⊗Lξ−n



isotropic metric

metric and algebra are compatible:

Tα...ω ? gμν = Tα...ωgμν = gμν ? Tα...ω

ρ2 = gijx
ixj = x2+ y2 + z2

ds2 = −A(ρ)dt2+B(ρ)(dx2+dy2+dz2)+C(ρ)dρ2



isotropic metric

metric and algebra are compatible:

Tα...ω ? gμν = Tα...ωgμν = gμν ? Tα...ω

ρ2 = gijx
ixj = x2+ y2 + z2

ds2 = −A(ρ)dt2+B(ρ)(dx2+dy2+dz2)+C(ρ)dρ2



The components of the Killing vectors are 
linear in the coordinates

it can be shown that

and hence

The star product completely drops out of the 
noncommutative Einstein equations.

ξi= ²ijkxj∂k

Lξi∂σTμ1...μk = ∂σLξiTμ1...μk Lξi∂σ1 . . .∂σkgμν = 0

Tα...ω?∂σ1 . . .∂σkg
μν = Tα...ω∂σ1 . . .∂σkg

μν = ∂σ1 . . .∂σkg
μν?Tα...ω



The components of the Killing vectors are 
linear in the coordinates

it can be shown that

and hence

The star product completely drops out of the 
noncommutative Einstein equations.

ξi= ²ijkxj∂k

Lξi∂σTμ1...μk = ∂σLξiTμ1...μk Lξi∂σ1 . . .∂σkgμν = 0

Tα...ω?∂σ1 . . .∂σkg
μν = Tα...ω∂σ1 . . .∂σkg

μν = ∂σ1 . . .∂σkg
μν?Tα...ω



The coefficients A, B, C can be determined in the
usual way and a change of coordinates

gives the Schwarzschild metric

but with quantized coordinates

r = (ρ+ a/4)2/ρ, a= 2M

ds2 = −g(r)dt2+dr2/g(r)+r2dω2, g(r) = 1−a/r



Coordinates should be real – we consider only 
unitary representations of

These are the usual angular momentum
irreducible representations:

[xi ?, xj] = 2iλ²ijkxk

~̂x
?2|j,mi= (2λ)2j(j+1)|j,mi, 2j = 0,1,2, . . .



In terms of

we find

ρ2 = gijx
ixj = x2+ y2 + z2

(~x)?2 ≡X
xi ? xi= ρ(ρ+2λ)

irreps: ρ = 2jλ= nλ; n= 0,1,2, . . .



schematically (in isotropic coordinates):



schematically (in isotropic coordinates):



schematically (in isotropic coordinates):



schematically (in isotropic coordinates):



nc black hole = sphere minus fuzzy sphere



„fuzzy black hole“



„fuzzy black hole“

information hidden
inside the horizon 
scales with its area



Inside the horizon...
slices of constant time are no longer conformal 
to Euclidean flat space-time, so the fuzzy sphere 
construction cannot be used directly

constant time slices are conformal to 
de Sitter space-time 

we can now quantize                   as before ...
two fuzzy sphere copies are needed                     

ds2 = −dx20 + dx21 + dx22 + dx23

−x20+ x21 + x22 + x23 = α2 > 0

x1, x2, x3



j →∞

j →∞

j = jmin r = a/2

r = a

r = 0

r =
a(ρ+

q
ρ2 − α2)
2ρ

r =
a(ρ−

q
ρ2− α2)



j →∞

j →∞

j = jmin r = a/2

r = a

r = 0

r =
a(ρ+

q
ρ2 − α2)
2ρ

r =
a(ρ−

q
ρ2− α2)

2ρ

central singularity

 



j →∞

j →∞

j = jmin r = a/2

r = a

r = 0

r =
a(ρ+

q
ρ2 − α2)
2ρ

r =
a(ρ−

q
ρ2− α2)

2ρ

central singularity

horizon



Summary and Outlook

noncommutative gravity
- simple covariant construction via twisted 
tensor calculus

- dynamics of noncommutativity?

fuzzy black hole
- spherically symmetric solution
- discrete, quasi-2D onion-type spacetime
- entropy naturally scales with area
- quantization of mass?



Thank you

NC ?  NC !




